We study Weyl structures on lightlike hypersurfaces endowed with a conformal structure of certain type and specific screen distribution: the Weyl screen structures. We investigate various differential geometric properties of Einstein-Weyl screen structures on lightlike hypersurfaces and show that, for ambient Lorentzian space R +2 1 and a totally umbilical screen foliation, there is a strong interplay with the induced (Riemannian) Weyl-structure on the leaves.
Introduction
Pseudo-Riemannian manifolds (M ) with dim M = > 4 and sgn = ( − 1 1) are natural generalizations of (4-dimensional model) spacetime of general relativity. Lightlike hypersurfaces in (M ) are models of different types of horizons separating domains of (M ) with different physical properties. As it is well known, contrary to timelike and spacelike hypersurfaces, the geometry of lightlike hypersurfaces is different and rather difficult since the normal bundle and the tangent bundle have nonzero intersection.
Being lightlike manifold is invariant under conformal change of the metric, along with many geometric objects. Thus, it is reasonable to believe that it would be more relevant to study the geometry of lightlike (sub-)manifolds in a conformal class of degenerate metrics. In this context, taking into account the Riemannian case, one of natural structures of which one can think of is that of Einstein-Weyl.
In a Riemannian setting, manifolds M with conformal structure [ ] and torsion-free connection D, such that parallel translation induces conformal transformations, are called Weyl manifolds. They are said to be Einstein-Weyl if the symmetric trace-free part of the Ricci tensor of the (Weyl) connection D vanishes. If D is locally the Levi-Civita connection of a compatible metric in [ ], the structure is said to be closed, and the (D-compatible) metric is locally Einstein [5, 6, 9] .
In [4] , Duggal and Bejancu introduced a main tool in studying the geometry of a lightlike hypersurface: the screen distributions. The latter is used to construct a lightlike transversal vector bundle which is nonintersecting to the lightlike tangent bundle. A suitable choice of screen distribution has produced an important result in lightlike geometry [1, 4] .
In Section 2 we provide basic information on normalizations, induced geometric objects [4] and pseudo-inversion of degenerate metrics [2] . In Section 3, we define Weyl screen structure, Definition 3.5, and prove a result on model space of Weyl screen structures on the (conformal) lightlike hypersurface. Thereafter, we study and relate curvature and Ricci tensors of the Weyl connection, along with its scalar curvature to their respective analoges for a given representative element in the conformal class. In Section 4, we consider Einstein-Weyl screen structures and establish a necessary and sufficient condition for a Weyl screen structure to be Einstein-Weyl. Section 6 is devoted to a special case of total umbilicity of the screen foliation involved in Definition 3.5. Also, in ambient Lorentzian case, we prove that there is a strong interplay between Einstein-Weyl screen structures on the conformal lightlike hypersurface and the (induced) one on the (Riemannian) screen foliation.
Preliminaries on lightlike hypersurfaces
It is well known that the normal bundle T M ⊥ of the lightlike hypersurface M +1 of a semi-Riemannian manifold M +2 is a rank 1 vector subbundle of the tangent bundle T M. A complementary bundle of T M ⊥ in T M is a rank nondegenerate distribution over M, called a screen distribution of M, denoted by S(T M), such that
where ⊕ Orth denotes the orthogonal direct sum. Existence of S(T M) is secured provided M is paracompact. A lightlike hypersurface with a specific screen distribution is denoted by (M S(T M)). We know [4] that for such a triplet, there exists a unique rank 1 vector subbundle tr (T M) of T M over M, such that for any nonzero section ξ of T M ⊥ on a coordinate neighborhood U ⊂ M, there exists a unique section N of tr (T M) on U satisfying
Then T M is decomposed as follows:
We call tr(T M) a (null) transversal vector bundle along M. In fact, from (2) and (3) The linear connection ∇ from (4) is a metric connection on S(T M). But for ∇ we have
for all tangent vectors fields X Y and Z in Γ(T M), with
It follows that the induced connection ∇ is torsion-free, but not necessarily -metric. It is the case if and only if M is totally geodesic. Equivalently, the local second fundamental form B vanishes identically. In fact, this is also equivalent to saying that M → T M ⊥ is a Killing distribution on M.
Finally, we recall from [2] the following results. Consider on M a normalizing pair {ξ N} satisfying (2) and the 1-form η as in (5) . For X ∈ Γ(T M), we have X = PX + η(X )ξ and η(X ) = 0 if and only if X ∈ Γ(S(T M)). Now, we define by
Clearly, such is an isomorphism of Γ(T M) onto Γ(T * M), and can be used to generalize the usual nondegenerate definition. In the latter case, Γ(S(T M)) coincides with Γ(T M), and as a consequence the 1-form η vanishes identically and the projection morphism P becomes the identity map on Γ(T M). We let # denote the inverse of the isomorphism given by (6) . For X ∈ Γ(T M) (resp. ω ∈ T * M), X (resp. ω # ) is called the dual 1-form of X (resp. the dual vector field of ω) with respect to the degenerate metric . It follows from (6) that if ω is a 1-form on M, we have for X ∈ Γ(T M),
Define a (0 2)-tensor by
Clearly, defines a nondegenerate metric on M which plays an important role in defining the usual differential operators gradient, divergence, Laplacian with respect to degenerate metric on lightlike hypersurfaces, see [2] for details. Also, observe that coincides with if the latter is nondegenerate. The (0 2)-tensor [· ·] , inverse of is called the pseudoinverse of . With respect to the quasi orthonormal local frame field {X 0 = ξ X 1 X X +1 = N} adapted to the decompositions (1) and (3) we have
and the following is proved [2] .
Proposition 2.1.
For any smooth function :
For any vector field X on U ⊂ M,
For a smooth function defined on U ⊂ M,
In particular, ρ being an endomorphism, resp. a symmetric bilinear form, on (M S(T M)), we have
[αβ] ρ αβ All manifolds will be assumed connected, paracompact and smooth.
In index free notation, the relation (∇ X ) = (X ) defines the gradient of the scalar function with respect to the degenerate metric . With nondegenerate , one has = so that Proposition 2.1 generalizes the usual known formulae to the degenerate case.
From now on, unless otherwise stated, the ambient manifold (M ) has a Lorentzian signature so that all ligthlike hypersurfaces considered are of signature (0 ). In particular, it follows that any screen distribution is Riemannian.
Let us mention here some remarkable facts that highly motivated and influenced some of our choices below. In most cases, semi-Riemannien manifolds admitting nontrivial (Einstein-)Weyl structure do admit domains or horizons which are (nontrivial) totally geodesic lightlike hypersurfaces. As it is well known [8] , there is a natural one-to-one correspondence between smooth, space-time oriented conformally compact, globally hyperbolic, Lorentzian Einstein-Weyl 3-manifolds (M [ ] ∇) and orientation reversing diffeomorphisms ψ :
Example of such an Einstein-Weyl manifold is the three dimensional de Sitter space SL(2 C)/SL(2 R) (the mass hyperboloid). But it is well known that a slice of the latter with null hyperplanes give rise to a family of nontrivial totally geodesic hypersurfaces. Also, consider (M ) to be a black hole event horizon in a C ∞ Lorentzian manifold (M ) satisfying natural hypothesis, using the well-known regularity and area theorem by Chruściel et al. [3] . Let Σ , = 1 2, be two achronal C 2 embedded spacelike hypersurfaces, S = Σ ∩ M and M 12 the part of M between S 1 and S 2 . If S 1 belongs to the past of S 2 with area S 1 = area S 2 , then M 12 is a totally geodesic lightlike hypersurface. The list is not exhaustive and there are many other interesting examples we can cite. Also, as stated above, only totally geodesic lightlike hypersurfaces do have their induced connection metric and torsion-free. Motivated by the above observations, it is tempting for both physical and (technical) geometric reasons to study Einstein-Weyl structures on totally geodesic lightlike hypersurfaces, for a first step. Therefore, in the remainder of the text, only such lightlike hypersurfaces will be in consideration.
Although being lightlike for (M 0 ) is invariant under conformal change of the metric, for a totally geodesic (M 0 ), not all metrics in the conformal class of 0 guarantee this geometric condition on M. In this respect, we consider below appropriate conformal structure on a given totally geodesic (M 0 ).
Weyl screen structures
Let (M 0 ) be a totally geodesic hypersurface in a ( + 2)-dimensional pseudo-Riemannian manifold (M ). Consider on M conformal metrics of the form = −2 0 with X ( ) = 0 for X ∈ T M ⊥ = span{ξ}, i.e is constant on ξ-orbits. These metrics endow M with a special conformal structure we denote it by = [ 0 ] 0 . For each metric ∈ , (M ) is also totally geodesic, and there exists a -compatible torsion-free connection ∇ . Throughout the text, M endowed with this conformal structure is denoted as (M ).
Definition 3.1.
A Weyl structure relative to (M ) is a symmetric linear connection D on M that preserves the structure. More precisely:
(i) D is torsion-free. 
Remark 3.4.
From Lemma 3.3 it follows that the element S ∈ S 2 (T * M) modulo which the Weyl structure is determined satisfies S(ξ ξ) = 0 for a suitable choice of the torsion-free -compatible linear connection D of . The element S ∈ S 2 (T * M) is entirely determined by the following. Lemma 3.3 is true locally, but this may not hold globally. In fact, we just need this to hold on the domain U of the characteristic section ξ; what we assume from now on.
Definition 3.5.
Let (M S(T M)) be a totally geodesic lightlike hypersurface (M 0 ) endowed with the conformal structure = [ 0 ] 0 . A Weyl screen structure D relative to (M S(T M)) is a Weyl structure for which S(T M) is parallel, that is for all tangent vector fields X and Y in T M, D X PY ∈ Γ(S(T M)).
Note.
Throughout the text, we sometimes consider the quadruplet (M D S(T M)) (as in Definition 3.5) as the Weyl screen structure. Also, as it is parallel, the screen distribution involved in this definition is integrable. Vector fields tangent to its leaves are said to be horizontal. 
where θ # is the dual of θ with respect to the degenerate metric and the screen distribution S(T M). Furthermore,
where C denotes the second fundamental form of S(T M) in (M ).
Proof. Let X ∈ Rad(T M), Y Z ∈ Γ(T M). From (8) and Lemma 3.3 we have L
is totally geodesic and L X 0 = 0. Thus, θ 0 (X ) = 0, X ∈ Rad(T M). For = −2 0 ∈ , we have θ = θ 0 + with (X ) = 0, X ∈ Rad(T M). Thus, θ (X ) = θ 0 (X ) + (X ) = 0, X ∈ Rad(T M) and (i) is proved. Now, let us write for a choice of ∈ and for all X Y ∈ Γ(T M),
where D X Y is the torsion-free -compatible linear connection pointed out in Lemma 3.3. As D and D are torsion-free, one has
Taking into account (11), (12) and the -compatibility of D one has
By circular permutation in (13) and taking into account (12) one has
As θ is horizontal (from (i)) its -dual θ # is a horizontal vector field and from (7) one can write θ (Z ) = (Z θ # ). It follows that
for some S ∈ S 2 (T * M). Also, from (4) we have
where ∇ is the induced Levi-Civita connection by D on the screen distribution and C the second fundamental form of the screen distribution in (M ). Thus
Observe that, since θ is a horizontal 1-form, one has θ # ∈ Γ(S(T M)). From condition D X PY ∈ Γ(S(T M)) in 
In particular, for all Y ∈ Γ(T M),
Finally, S(ξ ξ) = 0 follows from Remark 3.4 and the proof is complete.
Remark 3.7.
From S(ξ ξ) = 0 and (15) one can write
Clearly, for a given ∈ , among all -compatible torsion-free linear connections, there is only one which satisfies (9) . Thus, if we take our data for a Weyl screen structure on (M S(T M)) to be ∈ and the 1-form θ , D = D + θ is uniquely determined.
The curvature tensor of the Weyl screen structure D is defined by
and we let Ric D denote the Ricci curvature of D. It is defined to be the trace of the map Z → R D (X Z )Y . For a representative ∈ and a -quasiorthonornal frame field (X α ) α on M, 
This is a standard computation using (9) and the curvature formula (17). The following lemma gives expression of K (X Y ) − K (Y X ) for horizontal X and Y in terms of the second fundamental form C of the screen distribution S(T M).
Lemma 3.9.
For X Y ∈ Γ(S(T M)), we have
where R is the ambient Riemannian curvature of M −2 , with M = and C the second fundamental form of the screen distribution S(T M). This is a result of direct use of (14), (16) and the Gauss-Codazzi equation for the screen distribution,
Taking into account (19) and (18), we get Proposition 3.10.
The Ricci curvature of D is given by
Proposition 3.11.
Let D be a Weyl structure on (M S(T M)), then, for ∈ ,
where (X α ) α is a quasiorthonormal frame field on M adapted to the decomposition (2). Then using the above Ricci formula leads to
Contracting with [αβ] and a straightforward computation give relation (21).
Einstein-Weyl screen structures
Note that as D is not a metric connection on M, its Ricci curvature is not necessarily symmetric. The quadruplet (M S(T M) D) defines an Einstein-Weyl screen structure if D is a Weyl screen structure on (M S(T M)) and the symmetrised Ricci tensor of D is proportional to pointwise. Equivalently, there exists a function ∧ ∈ C ∞ (M) such that
for all tangent vectors X Y ∈ T M. The function ∧ (depends on ∈ ) is called the Einstein-Weyl function of the structure with respect to . By (20) one has
Also, on the symmetry of Ric note that
for all tangent vectors X Y in T M. Then, it follows from (23) 
given by (23).
A generic example
Let (N N ) and (F F ) be a lightlike and a Riemannian manifold of dimension and respectively. Let π : N × F → N and : N × F → F denote the projection maps given by π( ) = and ( ) = for ( ) ∈ N × F , respectively, where the projection π on N is done with respect to a nondegenerate screen distribution S(T N). The product manifold M = N × F , endowed with the degenerate metric defined by 
where π 1 and π 2 denote the projections on the factors L and N of M respectively. On M = L × N 0 consider the conformal class M = { −2σ 0 : ξ · σ = 0}, and let D be defined on M by
Consider on M the distribution S given by S = T π 2 ( ) N, ∈ M. Clearly, S defines a screen distribution on M which is D-parallel and (M M D S) is a Weyl screen structure on M. Moreover, for this Weyl screen structure, we find out that the tensor S is taken to be identically zero according to Lemma 3.6 and from (10) of the same lemma, we have C (X Y ) = 0 for horizontal vector fields (that is tangent to the screen distribution S) and θ (Z ) = −C (ξ PZ ) for all Z ∈ Γ(T M). Note that as for a given ∈ M , (M ) is totally geodesic, the associate Ricci tensor Ric is symmetric and it follows from (24) that = 0. Moreover, as the ambient manifold M is assumed to be Einstein and for each in the conformal class M , (M ) is totally geodesic, Ric is pointwise proportional to the metric on M. It follows from Proposition 4.1 that our Weyl-screen structure is a Einstein-Weyl screen structure, and in particular (Dθ ) given by (23) vanishes identically.
The screen distribution S is integrable and its leaves are totally geodesic in M (due to C ≡ 0 on S × S). In fact, in ambient (Lorentzian) four dimension, under a reduced holonomy assumption, the (Riemannian) Einstein-Weyl structure factor N should be flat.
Totally umbilical screen foliation
The screen distribution S(T M) is said to be totally umbilical if there exists a function λ ∈ C ∞ (M) such that
for all tangent vectors X Y in T M. Then, (10) becomes
for (X Y ) ∈ Γ(T M) × Γ(S(T M)). In particular, S(ξ X ) = S(X ξ) = θ (X ) for all X in Γ(T M).
Lemma 6.1.
For ∈ and for all tangent vectors X Y and Z in Γ(T M),
and then, using (29) and the fact that θ and η are horizontal and vertical respectively, lead to relation (28).
In particular, for all tangent vectors X Y in T M,
which arises from (28) and the fact that η is parallel along the ξ-orbits. We also have the following fact.
Proposition 6.2.
Assume that (M S(T M) D) is an Einstein-Weyl screen structure with totally umbilical S(T M), then D ξ θ (X ) = 0 X ∈ Γ(T M) and (32a)
for all tangent vectors X Y in Γ(T M). Moreover,
Scal D = scal + (2 − )( − 1) θ
where λ is given by (26).
Proof. Note that Ric (ξ Y ) = Ric (Y ξ) = 0 and 2 (ξ Y ) = Ric (ξ Y ) − Ric (Y ξ) = 0. Then, as the structure is Einstein-Weyl, by (25), we have D(θ )(ξ X ) = 0 for all tangent vectors X in Γ(T M). Thus, (32a) follows from (31) by setting Y = ξ, and substitution in (23). Thereafter, (31) reduces to (32b) and (32) is proved. Now, (33) and (34) are just rewriting of (20) and (21) respectively, taking into account (32) and (27) and the proof is complete.
Note.
The metric ∈ = [ 0 ] 0 will be called the trivial extension of its restriction ∈ = [ 0 ] on the horizontal.
Lemma 6.3.
If (M ) is totally geodesic in flat (M ) then for all horizontal vector fields X and Y , one has
where is the restriction of on the horizontal.
Proof. For horizontal vector fields X and Y , one has
Ric
On the other hand, for horizontal X Y and Z one has
where R denotes the curvature tensor of the induced Levi-Civita connection ∇ on the horizontal. Hence, 
Note.
For a Weyl screen structure D relative to (M S(T M)), as for any ∈ , the associate 1-form θ is horizontal,we will indistinctly note by θ its restriction on the horizontal. Thus, for horizontal vectors X Y , we have
Now, we state the following.
